Relationships between properties of a family of paths on a graph and properties of the distance function defined by the family are studied. Types of properties which lead to the distance function being a metric are considered. The study is a response to a query by Melter and Rosenfeld about possible generalizations of their s-connections. An application to metrics on sets of interlocking sublattices is given.
Introduction
Many of the discrete metrics used in computer graphics and pattern recognition are constructed from distances on graphs whose vertices are the points of a lattice. Melter and Tomescu [S] characterized certain digital metrics generated by the paths on some subgraphs of the 8-connection graph on 2'. The M-sequence distances of Yamashita and Ibaraki [12] are the distance functions of certain families of paths specified by permitted connections on Z". More recently, Melter and Rosenfeld [7] introduced the notion of s-connection and showed that s-paths give rise to a metric on 2'. They posed the problem of giving a general characterization of classes of paths which give rise to metrics.
In this paper relationships between properties of a class of paths on a graph and properties of the distance function defined by it are studied. It is shown that the family of s-connected paths is one of many families of paths which give rise to metrics on the chosen grid. The condition that a family of paths contains with each path all of its subpaths is useful in sequential calculation of the distance function. However, it is the condition that a family of paths contains concatenations of its paths which leads to the distance function of the family satisfying the triangle inequality.
Families of s-paths have this property. So also do families of paths which satisfy any minimality condition, or any initial condition, or certain coding conditions. The basic theoretical results on distance functions defined by families of paths on graphs are given in Section 1. The later sections are concerned with various applications of these results. The special examples are of distances associated with various graphs on Z", though the methods can be adapted to graphs on other lattices on the plane and in higher dimensions. In order to give rise to a metric on Z" a family of paths needs to contain for each pair of points in Z" a path joining them. To this end it is helpful to know some families of vectors which span Z". This is considered in Section 3. Some possible types of restrictions on families of paths which lead to metrics are studied in Section 4. An application to the construction of metrics on sets of interlocking sublattices is given in Section 5.
Distances and metrics
The theoretical results of the paper concern relationships between properties of families of permitted paths and properties of the distance functions calculated using the permitted paths.
Let Y = (V, 8) be a graph with vertices Y and undirected edges 8 which contains no loops or multiple edges. A path of length n in 9 from u to u is a sequence of vertices c'O>Vl, .'., vn with u=v,, and v=v,,, and vi joined to ui+i by an edge in 8 for O<i< n-1. It is sometimes convenient to think of a path as a sequence of directed edges rather than as a sequence of vertices. Thus a statement that a path contains a certain directed edge is shorthand for the statement that it contains the endpoints of the edge consecutively in the correct order. Note that paths have direction. Given a path from u to v there is a reverse path of the same length from v to u. A collection of paths 9 in g will be said to be transitive on Y" if each ordered pair of points in Y is joined by a path belonging to 9. If o! = u, , , ui, . . . , u, and /I = uo, vi, . . . , on are two paths for which u,=vo then their concatenation is the path c (+p=uO,ul, . . . . u,_i, vO,ul, . . . . vn . The concatenation of a sequence of paths, each of which starts where the previous one ends, is defined by induction. For each ordered pair of distinct points (x, y) in Y such that there is a path in 9 from x to y let d&x, y) be the minimal length of a path in 9 from x to y. For each point x in -tr set d&x,x) = 0. The function dp is defined on I/x I/ if 9 is transitive on V. Note that the function dp is always positive dejnite, i.e. d&u, v) 30 for all u and v in V and dq (u, v) = 0 if and only if u = t'. The function d9 is a semi-metric if it is positive definite and also symmetric, i.e. d&u, v) = d9(u, u) for all u and D in Y. The function dp is a metric if it is positive definite and symmetric and also triangular, i.e. dp(u, w) < d&u, v) + dp (v, w) for all u, t' and w in Y.
The following notations will be used.
l .9(l) is the set of all subpaths of length 1 of paths in 9, i.e. the set of all edges in d which occur in paths in 9 with the directions inherited from these paths.
. Q?(P) is the set of concatenations of paths in 8. . g4 is the set of edges joining (i,j) to (i',j') in 2' if and only if Ii-i'l+lj-j'l=l.
. 6's is the set of edges joining (i,j) to (i',j') in 2' if and only if max(li---i'(, Ij,j'l)= 1.
. d4 is the distance function defined by all the paths in (Z', g4), i.e. d,((i,j),(i',j'))= li-i'l+lj,j'l. l d8 is the distance function defined by all the paths in (Z', &a), i.e. d,((i, j), (i', j'))= max(li--i'I,( j-j'\). The inclusion of the reverses of all paths is not necessary for a collection of paths to generate a metric, or even a semi-metric. However, the following result shows when one can deduce the existence of reversals of paths. Proof. All subpaths of length 1 of paths in P belong to 9. If there is a directed path of length 1 in 9 from x to y then dp(x, y)= 1. Since dP is a semi-metric, it follows that d,( y, x) is defined and is 1. Hence there is a directed path of length 1 in 9 from y to x.
Since the graph 29 contains no multiple edges, B (l) contains the reversal of each of its paths. If 9 contains the concatenation of all of its subpaths then since the direction of each subpath of length 1 can be reversed, the direction of each path of any length can be reversed. 0
Certain conditions on 9 ensure that the function d9 is a semi-metric or a metric. Proof. It is sufficient to prove that when 9 contains all concatenations of its paths the function dP is triangular. Given three vertices u, u and w in Y there is a path c( in 9 from u to v of length dp(u, v) and a path /I in 9 from u to w of length dq(u, w). Now the concatenation of M and p is a path in 9 from u to w of length d&u, v) + d&v, w).
This is an upper bound for dp(u,w).
0
The existence of subpaths without the existence of concatenations in a family of paths 9 does not guarantee that .Y contains the reverse of each of its paths. But if 9 contains all its subpaths while dP is a metric, not merely a semi-metric, then dq can be calculated from a transitive collection of paths which contains all reverses, subpaths and concatenations of its paths. Proof. Each path in S is also a path in 9. Thus d9kdz. By Lemma 1, Y(l) and so 9 contain the reverses of each of their paths, and by Proposition 1, d9 is a metric on V. Since dp is a metric on Y, 9 is transitive. Thus 9 is transitive, and it contains the subpaths and concatenations of its paths. Since .9 (l)=Y(r), we have dB(x,y)>d9(x,y)
for each pair of vertices x,y, and d&x, y)= 1 if and only if d9(x,y)= 1. Suppose that dq #d2. Let n be the least value of d2 such that dq(x, y)> ds(x, y) for some pair of vertices (x, y). Then n S-1. Let (x, y) be a pair of vertices such that d&x, y) > d2(x, y) = n, and let x0, x 1,. . . , x, be a path of length n in _5! from x to y. Then d9(x,_ 1,x,) = 1 while ds(xo, x,-1) = n-1. It follows from the minimality of n that ds(x,_ 1, x,)= 1 and d&x0, x, -1) = n -1. Since dp is a metric, d9(xo, x,) 6 n = d9(x, y). The contradiction proves the proposition. 0
A shortest path from x to y belonging to 9 is a path of length d&x, y). A geodesic is a directed path such that each subpath is a shortest path between its end points. Thus if 9 contains all the subpaths of each of its paths and all the concatenations of its paths and if dP is a metric then each shortest path is a geodesic.
Spanning sets
Most of the integer valued metrics on the integer lattice described in the literature can be seen as arising from collections of permitted paths. If all the permitted paths are concatenations of a set of vectors then the condition that the collection of permitted paths is transitive is equivalent to the condition that the set of vectors spans the integer lattice. The theory of spanning vectors for integer lattices differs from that of spanning vectors of real vector spaces.
For a vector space over R, or over any field, two spanning sets of linearly independent vectors have the same size, the dimension of the vector space. For vector spaces over the ring Z this is not the case. Two vectors (x1, yl) and (x2, yZ) span B2 if and only if x1 y, -x2y2 = f 1 (see [6, Theorem 3.4.21) . Three vectors (x1, yr), (x2, y2) and (x3,y3) span E2 if there exist integers a1,a2,a3 and b,, b2, b3 such that a,(x,,),,)+a2(x2,y2)+a3(x3,y3)=(l,0)
bl(x,,y,)+b2(x2,y2)+b3(x3,y3)=(0,1).
For example, the three vectors (LO), (1,2) and (0,5) span Z2, and no pair of them do so. In this case a, = 6, a2 = -5, a3 = 2, bl = 2, b2 = -2, and b3 = 1. I am grateful to Gareth A. Jones for pointing out the following necessary and sufficient conditions for a set of vectors to span Z". A set of m vectors spans Z" if and only if the m x m matrix of the vectors can be reduced by elementary row and column operations over Z to a matrix which partitions into the n x n unit matrix over the (m-n) x n zero matrix. In particular, three vectors span 2' if and only if the three determinants xly2 -x2yl, xly3-x3yl and x2y3 -x3y2 are relatively prime. The vectors associated with knight's moves are examples of four vectors which span Z2. The statement that the four vectors (1, f 2) and (2, f 1) span iZ2 is equivalent to the statement that one can move between any two points in Z2 using chess knight's moves. More generally, it follows from studies of generalised knight's moves that four vectors (i, f j) and ( j, f i) span Z2 if and only if i andj are mutually prime and i +j is odd (see [4] and [lo] for this result and [S] for the corresponding results in higher dimensions).
Two spanning vectors of H2 must be linearly independent, but larger spanning sets need not be linearly independent over Z. In [S] Melter and Tomescu classify the digital metrics which arise from certain collections of paths on (Z2,g8). The collections are assumed explicitly to contain all subpaths of their paths, and are assumed implicitly to be invariant under translations. The metrics are specified in terms of the types of edges in 8s from which the collections of paths are to be built by concatenation. Indeed these path generated metrics are the metrics of certain subgraphs of (Z2, c?~) specified in terms of spanning sets of vectors chosen from (l,O), (0, l), (1,1) and (1, -1). When more than two of these vectors are chosen as a spanning set they are not linearly independent over Z. A set of vectors S which spans a" generates a connected graph (Z", a(S)) in which points u and v are joined by an edge if and only if u-v or v-u belongs to S. A spanning set S may also be used to determine a basic set of paths in a connected graph on Z" such as (22,&d) or (h2,&'s)), or one of the r-neighbour graphs in Z", or a hybrid of these. For example, if S is the set of vectors (1, *2), (2, + 1) then a single knight's move can be regarded as a path of length 1 in the knight's graph (Z2, b(S)). That knight's distance on z2 is a metric then follows from Proposition 1. An analytic expression for this distance is given in [3] . A single knight's move can also be regarded as a path of length 3 in (23,&h) or a path of length 2 in (2',&'s). Let S be a spanning set of vectors for Z 2. Let W be a collection of paths which contains a path from u to v and a path from t' to u for each pair of points u and u such that u-v is in S, and in this case let the lengths of the shortest paths from u to v and from u to u be equal. If 9 = w(g) then it follows from Proposition 1 that d9 is a metric in Z". This construction allows one to consider integer valued chamfer distance [l] as path generated metrics. For example, if 99 is a collection of paths which consists of a path of length a joining u to u whenever U-V is (+ 1,0) or (0, + 1) and a path of length b joining u to v whenever u-v is (f 1, f l), and if Y=% (B) then dg is the (a, b)-chamfer metric on B2. The constraints a <b and b <2a are usually applied, the second to ensure that edges of both types are used in the family of shortest paths and the first to ensure that d&(0,0), (kx, ky)) = kd9((0, 0), (x, y)) for all integers k, x and y. However, these constraints are not needed to ensure that dp is a metric. Similarly, if the collection a is augmented to a collection # by the inclusion of paths of length cjoiningu tou wheneveru-uis(f1,+2)or(f2,fl)and ifY=+Z(g')thendyis a metric on Z2. Again, the usual constraints b-u CC and c <a+ b are not needed to make dp a metric though they are needed to ensure the scaling property. The integer valued chamfer distances can be regarded as arising from paths subject to coding conditions. An example with a = 1, b = 0 and c = 2 is given in Section 4.
One-to-one transformations of Z" lead to transformations of path generated metrics. Such a transformation T maps a graph 9 =(Z" Melter and Tomescu [9] have pointed out that the metric associated with the spanning set (l,O), (1,1) is obtained by linear transformation from the metric associated with the spanning set (l,O), (0,l). In this case both of the associated graphs are subgraphs of (Z2, 8s). This need not be the case. The graph (Z2, L?~) is mapped by the transformation T given by the matrix (A :) to the graph b= Tg4. For the inverse of this matrix
(i 12)(;)=(x;2y)~
Thus the distances in (Z2, 8) between vertices U; =(xi, yi), i= 1,2, are given by the equation
d,&,v2)=d4(T-'q, T-'v2)
The graph (Z2, TctY4) is not a subgraph (HZ, 8s). Paths in the graph (Z', Tg4) can be replaced by paths in the graph (Z', &) or by paths in the graph (Z', 8s). In (Z', TeY4), vertices (xl,yl) and (xz,y2) with [xl--x21=1 and ly,-y,l=2 are connected by an edge. In (Z2, ~7~) they can be connected by a path of length 3, while in (Z2, 8's) they can be connected by a path of length 2. In each case the concatenation of these paths, together with paths of length 1 connecting vertices with Jxr -x2) = 1 and y1 =y2, is transitive on Z2. By Proposition 1, the corresponding distance functions are metrics on Z2. The equations for these metrics are
The Melter-Tomescu metric associated with the spanning set (l,O), (0,l) and (1,l) is the linear transform of the metric associated with the spanning set (l,O), (0,l) and (1, -1). The graph of each of these can be transformed linearly into the iso-taxi graph studied by Sowell [l 11.
Restrictions of paths
In [7] , Melter and Rosenfeld introduced a metric defined by a family of paths on the integer lattice which satisfy a certain minimality condition. They posed the problem of describing general classes of such metrics. In this section metrics defined by families of paths satisfying minimality conditions, entry specific conditions, and certain coding conditions are considered. Melter and Rosenfeld defined an s-path in (Z2,E8) to be a path which contains at least one horizontal or vertical edge. The collection 9 of all s-paths on (Z',bs) is transitive on iZ2 and contains the reverse of each of its paths. Moreover, the concatenation of two s-paths is an s-path. Thus d9 is a metric by Proposition 1. Symmetry of a distance function follows from the condition that a family of paths contains the reverse of each of its paths, and in other circumstances may follow from possible symmetries of the underlying graph. Note that while (Z', &a) and (Z2, 6F8) are invariant under translations and under reflections in the axes and the diagonals, some of the Melter-Tomescu graphs are invariant under translations but not under reflections. Graphs associated with pictures, in which different connections are used in the picture and in the background, need not be invariant under translations or reflections. If the metric is not that of a concatenation of subpaths of unit length then the most delicate of the metric conditions is triangularity, for which the key condition on the set of paths is that it contains all the concatenations of its paths. Three types of conditions can readily be recognized: minimality, entry specific, and coding.
Minimality conditions
A family of paths B may be specified in terms of minimal entries in the paths. These may be particular types of edges, or vertices or edges lying in a particular subgraph. Concatenations of paths which satisfy such a condition also satisfy that condition.
Each s-path of Melter and Rosenfeld [7] contains at least one edge of specified direction in the lattice. Each permitted path in the following example contains at least one vertex in a specified position in the lattice. Z', 8,) . Let 9 be the set of paths in 3 which contain a vertex in V. Then dp is a metric on HZ.
Example 1. Let S =(Y, 8) be a subgraph of 9 = (
These metrics are not normally invariant under translations. Fig. 1 shows the distances from the points (0,O) and (2,O) when S =(Y, 8) consists of the points (1, l), (1,2), (2, l), (2,2) and the edges in 8s joining them. More generally X can be the set of black points of a picture in a connected picture space 9, and the set B can be the set of paths in B which have an edge or a vertex in Z. The corresponding distance function is a metric on the whole picture space. In contrast, if the set of black points in a picture is connected then the set of paths which never meet the white points generates a metric on the set of black points.
Entry specific conditions
A family of paths may be specified in terms of the types of edges which occur at particular positions in paths. In the most complicated examples of this type restrictions are placed on the type of possible edge at each point in a path. Distances defined by neighbourhood sequences are of this type. In [2] the characterization of those neighbourhood sequences which give rise to metrics is essentially a characterization of those neighbourhood sequence conditions which are inherited under concatenation. The simplest entry specific conditions are those which specify types of initial or final edges. In this case it may be necessary to work on a graph which is invariant under reflections as well as under translations in order to ensure symmetry of the distance function.
Example 2. Let 9 be the collection of paths oo, ui, . . . . u, in (Hz, 8s) for which t'l-t'o=(fl,O).
Then dy is a metric on Z2.
It is only necessary to show that d9 is symmetric. The other conditions follow from Proposition 1 since 9 is transitive and the concatenation of two paths in 9 is also in 9. Let t~=u~,vr, . . . . u,beapathfromuto~inZ~withv~-v,,=(+l,O).LetTbethe rotation of R2 through the angle n about the point (u+v)/2. The graph (H2,b,) is invariant under T, and c1 is mapped to the path Tu = TV,,, Tvl, . . . , TV, from u to u with Tvl -Tv,=( + 1,O). Thus 9' contains with each path from a vertex u to a vertex v a path of the same length from v to U. Hence dp is symmetric and so is a metric on E2. The metric in Example 2 is invariant under translations and reflections in the axes so it is sufficient to illustrate distances from the origin of points in the first quadrant. See Fig. 2 . Note that for this metric the discs of given radius centre the origin are rectangles with the height less than the width.
Coding conditions
The third type of condition is related to coding. In sets of paths associated with spanning sets of vectors one might require that generating paths associated with prescribed vectors do not follow each other, or that their separation from each other is bounded above or below. In this case it may be necessary to impose conditions on the end edges in order to ensure that the coding conditions are inherited by concatenations of paths. The set of paths 9' is transitive on (Z2,&s) and the concatenation of two paths in 9 is in 9'. As in the discussion of Example 2, the set 9 contains with each path from a vertex u to a vertex v a path of the same length from u to U. Hence d9 is triangular and symmetric and so is a metric on H2. Note that in (Z', 8's) the metric determined by the family of paths satisfying the conditions of Example 3 is the metric d8 except for the distance between horizontal neighbours which is 2 instead of 1. The metric of Example 3 is invariant under translations and reflections in the axes. The distances from the origin of points in the first quadrant are shown in Fig. 3 . Note that this distance coincides with d, when (yl > 1x1. F. Rhodes/ Discrete Mathematics I35 (1994J 265-277 6 7 8 9 10 11 12 6666788 5 6 7 8 9 10 13 5556678 4 5 6 7 8 11 12 4445667 3 4 5 6 9 10 13 3344566 2 3 4 7 8 11 12 2234456 1 2 5 6 9 10 13 1223456 0 3 4 7 8 11 12 0123456 Fig. 3 . Distances of points in (Z'. Ed) from the ori- Fig. 4 . Distances of points in (Z', 8s) from the origin when the initial edge of a path is vertical and not gin when diagonal edges must be followed immeditwo consecutive edges are horizontal.
ately by horizontal or vertical edges.
In the permitted paths of the next example a diagonal edge must be followed immediately by a vertical or horizontal edge. The resulting distance can be considered as a chamfer distance arising from a 5 x 5 mask with local distance 1 between horizontal and vertical neighbours, local distance 0 between diagonal neighbours, and local distance 2 for points separated by (f 1, f2) or (&-2, + 1). The discs for this metric are octagonal. As in the discussion of Example 2, the set 9 contains with each path from a vertex u to a vertex t' a path of the same length from u to U. The set B is transitive on 2' and contains all the concatenations of its paths. Thus dP is a metric. It is invariant under translations and reflections in the axes. The distances from the origin of points in the first quadrant are shown in Fig. 4 .
Metrics for interlocking sublattices
There are many ways of partitioning lattices into interlocking sublattices which can be used to carry superimposed pictures. For example, the vertices (x, y) of the square lattice Z2 can be partitioned into two sublattices via odd and even x-coordinates, or via odd and even y-coordinates, or via odd and even sums of coordinates. The vertices of the triangular lattice can be partitioned into the set of vertices of a hexagonal lattice and the triangular lattice of vertices which lie at the centres of the hexagonal faces.
There are path generated metrics on the lattices for which the restrictions to the sublattices are familiar metrics, but for which distances between vertices in different sublattices are arbitrarily large.
In the following examples 2' will be partitioned into subsets V0 and Vi where (x, y) is in +$ if and only if x + y = i(mod 2). The two subsets are translations of each other so that a spanning set for *yrO gives rise to a graph on V0 and so by translation to a graph on V1. Melter and Tomescu [S] have pointed out that the two vectors (1,1) and (1, -1) do not give rise to a metric on Z2 because they do not span Z2. However, they do span V0 and give rise to a metric on V0 and metric on "y;. The metric on Z2 in Example 6 when restricted to one of the subsets is this metric. The set of vectors (-1, l), (0,l) and (1,1) which spans Z2 can be transformed linearly into the set of vectors (0,2), (1, 1) and (2,O) which spans ^y. The associated Melter-Tomescu metric on Z2 transforms to a metric on YO. Although the transformed graph is not a subgraph of @!',a,) this metric on "YO can be thought of as the metric arising from the family of paths in (Z2, 8,) which are concatenations of edges in the directions (l,O), (1,1) and (0, l), and their reverses, subject to the coding type condition that horizontal edges are used in pairs and vertical edges are used in pairs. In Example 5 we start with metrics on Y0 and V1 generated by paths which satisfy the coding type condition that horizontal and vertical edges are used in pairs. This set of paths is augmented by concatenation with long paths between neighbouring points in ^YO and Vi, to generate a metric on the whole of Z2. Since diagonal edges are not used this metric is most easily described in terms of paths on (Z2,&a).
Example 5. Let the vertices of (Z', c$'~) be partitioned into subsets Ye and "y;, where (x, y) is in $$ if and only if x + y = i(mod 2). Fix a positive integer k. Let 9# be the set of paths consisting of all paths of length 2 in (Z2, c$~) and paths of length 2k + 1 whose end points are neighbours in (Z2,E,). Let P=%! (9) .
Then dp is a metric on Z2. The restriction of d9 to each sublattice is the restriction of d4 to that sublattice, while distances between vertices in different sublattices are at least 2k+ 1.
For the purposes of Fig. 5 the number k is taken to be 45. The metric in this example is invariant under translations and reflections in the axes. Distances from the origin of points in the first quadrant are shown.
One could think of the two sublattices W;, and Vi in Example 5 as being placed at levels z=O and z=2k in a three dimensional integer lattice with V0 and V1 joined by a collection of paths of length 2k+ 1 from one level to the other. In order to obtain a metric on the whole lattice it is sufficient to join one point in ^u;, to one point in Vi. In the last example the lattice (Z*, ~5'~s) is divided into two sublattices which are joined just at the points (0,O) and (l,O). The resulting metric is not invariant under translations or reflections in the axes.
Example 6. Let the vertices of (Z*,b,) be partitioned into subsets V0 and Vi, where (x, y) is in Y$ if and only if x + y = i(mod 2). Fix a positive integer k. Let 9 be the set of paths consisting of all edges in 8s in the directions (1, + l), a path of length k from (0,O) to (l,O), and the reverse of each of these. Let P=%?(g). Then dy is a metric on Z'. Its restriction to each sublattice is the restriction of d8 to that sublattice, while vertices on different sublattices are at least distance k apart.
In the following figure illustrating
Example 6 the number k is taken to be 90. Fig. 6(a) shows distances from the point (0,O) which is marked 0 in that figure. Fig. 6(b) shows distances from the point (3,3). In that figure the point (3,3) is marked 0 and the point (1,O) is marked 93. 
